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Abstract

We present two families of constacyclic codes with large
automorphism groups.

The codes are obtained from the twisted tensor product
construction.

The talk is based on the paper "Twisted Tensor Product
Codes", Designs, Codes, Cryptography 47 (2008), 191-219.



Experimental Data

Data from a computer search, as published in

A. Betten, M. Braun, H. Fripertinger, A. Kerber, A. Kohnert, A.
Wassermann: Error-Correcting Linear Codes, Classification by
Isometry and Applications, 2006.

There exists a [18,9, 8] code over Fy:



Experimental Data

the 1 isometry classes of irreducible [18,9,8]_4 codes are:

code no 1:

111111111100000000
322211100010000000
2321210100041000000
223112001000100000
J22100211000010000
232010121000001000
213321321000000100
123231231000000010
112003331000000001
the automorphism group has order 16320

orbits: { 1, 12, 18, 15, 8, 17, 14, 2, 4, 13, 6,7, 5, 11, 16,3,9}, { 10}



Experimental Data

Observe that 16320 is the order of PI'L(2, 16), since

(g —1)(g° — q)h

PrL(2 )| =

(g = p", p prime), which, for g = 16, evaluates to

255-16-15-4

15 = 16320

Question: Is there a connection?



Experimental Data

Remark: That same code was also mentioned (briefly) in:

MacWilliams, Odlyzko, Sloane, and Ward, 1978:

n = 17, [18, 9, 8] = §,; with weight enumerator 7, , cyclotomic cosets are {1, 4, 16, 13},
{2, 8, 15, 9}, {3, 12, 14, 5}, {6, 7, 11, 10}, and

E(x)ﬁ1+m(z X+ Y x‘)+ﬁ(z x4y x‘),

iect® iecid seck® icel

The Brouwer/Grassl tables contain a reference to this paper.



Results

THEOREM 1

A) There exist constacyclic [g? + 1, g — 8, > 6], for any g > 3.
They are cyclic if and only if g is even.

B) There exist [q + 2,q® — 7, > 6], codes for any q > 4 even.

In both cases, the codes are invariant under PI'L(2, g?).

THEOREM 2

There exist constacyclic [¢® + 1,¢° — 7, > 5], for any g > 3.
The codes are invariant under PI'L(2, ¢°).




g =p", p prime.

Fg={a'|i=0,...,g—2}U{0}.

a a primitive element over Fp.

o : t — tP the Frobenius automorphism.



PG(n, q) the n-dimensional projective space over Fy.

PG(1.q) = {(t.1) | t € Fg} U{(1.0))

t (%S)

Automorphism group:
PIL(2,q) = {< Z Z ) |a,b,c,d € Fy, ad —bc#0, € € Zy}
e

acting by semilinear right multiplication:
A )"’h — ((ua+vn)®", (uc+vd)®").

(u, v)-( a c ) = (ua+vn, uc+vd
h
The conic Y? = XZ:
{(t27 t’ 1) ‘ te Fq} U {(17070)}
N—— N——
Hy Hoo
Same automorphism group, different action.



e The Frobenius automorphism of Fgs over Fq
ds X +— x9

of order s leaving I fixed.
e The relative trace from Fgs to Fq

Ts: X = X+ ds(X) + -+ 51 (x)
e The relative norm from Fgs to Fq

Ng: X X-¢ps(X)--- 3*1(X)

We write ¢ for ¢y, (if g = p" with p prime)



Vector Spaces over Finite Fields

ng the k-dimensional vector space over [Fgs.

Two types of subspaces:

e Fi for i < kis called subspace

. IF’;,- for i | s is called subfield subspace

A basis is a set of linearly independent vectors that spans the
subspace over

° Fqs
° Fq/



Linear Codes
Linear codes are subspaces of Fg.

[n, k]q — a linear code C over Fy of length n, dimension k.
¢ =(cp,...,Cn_1) € C acodeword (simply a vector over Fy).

A generator matrix ' is a k x n matrix whose rows form a basis
for the code.

A check matrix A is a (n — k) x n matrix whose rows form a
basis for the dual code C+.

Thus, - AT =0.



The Minimum Distance (I)

For a code to be useful
e the minimum distance d should be large,
e the dimension k should be large,
¢ the length n should be small.

These are contradicting aims.



The Minimum Distance (ll)

An [n, k]4 code is distance optimal if has the largest value of d
among all [n, k] codes.

It is a challenge to find distance optimal codes.

[n, k, d]qg — a linear code over I of length n, dimension k and
minimum distance d.

[n, k,> d]q — a linear code over F of length n, dimension k
and minimum distance > d.



Cyclic Codes

A code Ciis cyclic if

(co,Cty...,Cn1) € C <= (Cp_1,Coy...,Cn_2) € C.

Example: BCH codes, Reed-Solomon codes.

Remark:

e Cyclic codes are in 1 to 1 correspondence to the ideals in
the ring Fo[X]/(X" — 1) (provided gcd(n, q) = 1).



Constacyclic Codes

A code C is constacyclic if
(co,Cty-.-,Cn1) € C < (KCph_1,Cp,..-,Cn2) € C
for some x € Fj (the same « for every ¢ € C).

A constacyclic code is cyclic if k = 1.

Example: see below



Projective Codes

A code is called projective if
¢ No coordinate is always zero.
¢ No two coordinates are linearly dependent.

Let C be a projective code with k x n generator matrix I'.

Xg, ..., Xp—1 the columns of T'.

0

P(Xo),...,P(x,—_1) a set of points in PG(k — 1, q).



Why do we Need Projective Codes?

THEOREM (well known)

Let C be a linear code over Fy with check matrix A. The
following are equivalent:
e C has minimum distance d

e In A, any d — 1 columns are linearly independent and
there exist d columns that are linearly dependent.

That is, quite often the dual code is projective.



Projective Codes

A code is called projective if
¢ No coordinate is always zero.
¢ No two coordinates are linearly dependent.

Let C be a projective code with k x n generator matrix I'.

Xg, ..., Xp—1 the columns of T'.

0

P(Xo),...,P(x,—_1) a set of points in PG(k — 1, q).



Why do we Need Projective Codes?

THEOREM

Let C be a linear code over [Fq with check matrix A. The
following are equivalent:
¢ C has minimum distance d

e In A, any d — 1 columns are linearly independent and
there exist d columns that are linearly dependent.

That is, quite often the dual code is projective.



Recipe for Finding Good Codes

In order to find [n, k, > d]4 codes, we have to find n points in
PG(n — k — 1, q) with the property that

Any d — 1 are independent.

In order to reduce excess searching, we need to talk about
Code Isomorphism.



Permutational, Monomial and Semilinear Isometry

Isometric Codes: Different codes may behave the same way
with respect to the Hamming metric.

There are three types of code isometries:

e Permutational isometries (permuting the coordinates),

e Monomial isometries (permuting the coordinates and
multiplying non-zero constants),

e Semilinear isometries (all of the above plus field
automorphisms).

When we say 'Code’, we often mean the equivalence class of
isometric codes.

In this sense, a code can be cyclic / constacyclic in many
different ways, according to different arrangements of the
coordinates.



Permutational, Monomial and Semilinear
Automorphism Groups

An automorphism is a isometry (of the Hamming space) that
maps the code to itself.

There are three types of automorphism groups:

e Permutational automorphism group PAut,
e Monomial automorphism group MAut,
e Semilinear automorphism group 'Aut.

PAut < MAut < [MAut.



Automorphisms of Projective Space

We need to understand the automorphisms of projective space.

An automorphism of projective space is an
incidence preserving isomorphism

(also called collineation).

Two sets A and B in PG(n, q) are projectively equivalent if there
is an automorphism «a of PG(n, q) with a(A) = B.



Automorphisms of Projective Space

There are two types of automorphisms of projective space:

e Linear: GL(n+ 1, q) acts on PG(n, q) as follows:
A-P(x) = P(Ax).
e Semilinear: ¢ acts on PG(n, q) as follows:

¢(P(x)) = ¢(P(X0, - -, Xn)) = P(6(X0), - - -, 9(Xn))-

The induced maps of the first type are called projectivities. Let
PGL(n+ 1, q) be the group generated by them.



The Fundamental Theorem of Projective Geometry

Together they generate the semilinear group

PIL(n+1,q9) =PGL(n+1,q) X ().

THEOREM (well known)
For n > 2, the automorphism group of PG(n, q) is PTL(n+ 1, q)}




Some One-to-One Correspondences
There is a one-to-one correspondence

of projective classes of n-point-sets

isometry classes projective equivalence
—
[n, k]q-codes inPG(n—k —1,q)

There is a one-to-one correspondence

L classes of n-point-sets
of projective

[n, k,> d]q-codes inPG(n—k—1,9)

{ isometry classes } projective equivalence
any d — 1 independent



The Construction (1)

Let V, = IFZS be an n-dimensional vector space over Fgs.
Consider

RsVp =V Voo @V, (stimes)
Define a mapping
ls : Vn — ®S Vn,

X = X ® ¢s(X) @ $2(X) @ - @ ¢35 ().

This induces a mapping between the corresponding projective
spaces:

ts: P(Vn) = P(®sVh)



The Construction (ll)

The points of PG(1, q) are often identified as follows:

P(1,t) -t P(0,1) < o0

The Veronese map

vk : PG(1,9) — PG(k —1,q), P(a,b) — P(a",a'b,...

v2(PG(1, q)) is the conic

{P(1,t, t2)7 tEFQZ}U{P(O,O,‘I)}.



The Construction (lll)

Consider

e 15013(PG(1,¢%)) = n= g + 1 points in PG(8, ¢°)
e 13(PG(1,q%)) = n= g®+ 1 points in PG(7, %)

The image lies in an F4-subfield subspace.
* PG(8,q)
 PG(7,q)

The codes are projective codes whose point sets are the
subspace bases. For Theorem 1 B, add the nucleus to the
conic v»(PG(1, q)) (recall that 2 | g in this case).



Example: Theorem 1

Using t =0,1,..., 0o for the points of the projective line, the v»
image of PG(1, g?) is the conic

{P(1,t,1%), teF,}U{P(0,0,1)}.

The 1p-image of this set is

{P (1,197 292 19 ¢ 129 (2 (2917 1912)  te .}

=Yt
together with P (0,0,1,0,0,0,0,0,0).
Yoo
o(1) o(t) o(t?) ordering of
®| 1 S basis elts.
1)1 19 0 3 5
t t o+ $29+1 4 1 7
S AN Ak 6 8 2




Example g = 16 (with o* = o+ 1):
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This is a generator matrix of an [18, 9, 8] code over Fg (with

automorphism group PI'L(2, 16)).



Example: Theorem 1

The image lies in an F4-subfield subspace.
Need: Base change.
Observe that for F2 = Fq(3) we have
LA T O S t+t9 o Ta(d)
B pa 9] | pt+p919 | [ Ta(BY)
which is in the (quadratic) subfield Fy.

Apply this trick in general:



tq+1
129+2
t9

t29

129+1
tq+2

Example: Theorem 1

1
tq+1
129+2
9+t
/@qm + Bt
129 4 12
BI29 + gt2
t29+1 + ta+2
ﬁqt2q+1 + 5tq+2

1
No(t)
No(12)

Ta(1)
T2(BY)
To(12)
To(Bt2)
To(19+2)
To(Bt9+2)

=X

Let A be the check matrix whose columns are the x;, t € F e
and X, = Y- This defines the code.



Example: Theorem 1

Here, the image lies in an F4 subspace.

The base change matrix is

0

00 O

1

o o

o o

o o




Example: Theorem 1
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Example: Theorem 1

Or, with w = a® a primitive element for F4 with w® = w + 1.
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Or, in standard form...



Example: Theorem 1
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Are The Codes New?

The following question arises:

QUESTION 1
Are the codes of Theorem 1 and 2 new?

Fact 1: There are BCH-codes with the same parameters as the
codes in Theorem 1 A (see below).

Fact 2: There are codes with the same parameters as the duals
of the codes in Theorem 2



Fact 1: A Class of BCH codes

For n = g? + 1, take the cyclotomic sets of 0,1,2 mod g + 1:

{0}
{17q7q2 = - a_q7_q2 = 1}
{27 2q7 2q2 = _27 _2q7 _2q2 = 2}

9 roots, in order:

_2q7 _q7 _27 _17 07 17 27 q7 2q7

consecutive set

This yields a [¢® + 1, ¢? — 8, > 6], BCH-code.

(minimum distance > 6 b/c we have a consecutive set of size 5)



Are The Codes New?

Since BCH-codes are cyclic, we ask:

QUESTION 2
Are the codes of Theorem 1 and 2 cyclic? }

If we can show that the codes of Theorem 1 A are not
cyclic, then we have shown that they are not
BCH-codes and hence (likely) new.

We ask:

QUESTION 3
Given a projective code, how can we tell if the code is cyclic? }




When is a Projective Code Cyclic?

C is constacyclic <—

There exists a code automorphism a with

a(xo) = X1, a(X1) = Xo, ... Oé(Xn_1) = kXp.

Cis cyclic < the above with x = 1.



When is a Projective Code Cyclic?

The codes are images of PG(1, q). Thus we ask:

QUESTION 4
What are the cyclic collineations of PG(n, q)?




Cyclic Collineations of Projective Space

LEMMA: (Hirschfeld 1973)

# conjugacy classes of cyclic projectivities of PG(d — 1, q)

= q% - # subprimitive polynomials of degree d over Fq

= M (with ® Euler’s totient function)

This answers the question for when a code is constacyclic. We
still need the find the answer for cyclic.



When is a Projective Code Cyclic?

C is constacyclic <—
There exists a code automorphism « with matrix T s.t.

T'Xo = kXg, k#0, and T'xg & (Xo) i=1,...,n—1

Cis cyclic < the above with x = 1.



The Exponent of a Polynomial

Let m(x) € Fq[x] be monic, irreducible of degree d > 1.

The Exponent e

The Exponent of m, denoted Exp(m), is the smallest positive
integer e such that

m(x) divides x®—1

If 3 denotes a root of m(x) in Fq then e is the order of 3 in ]F;d.



The Subexponent of a Polynomial

The Subxponent s

The Subexponent of m, denoted Subexp(m), is the smallest
positive integer s such that

m(x) divides x°—k

for some x € F; (x is called integral element).

If 5 denotes a root of m(x), then s is the order of 3 in the factor
group F;d/FCX,. Therefore,

s— e
~ged(g—-1,e)



Primitive and Subprimitive Polynomials
m(x) is called primitive if

e=q" -1

m(x) is called subprimitive if

q7 -1
qg-—1

s=0q1(q) = — [PG(d — 1,0)|

Remarks:
e If m(x) is primitive, multiplication by 5 is a cyclic
collineation of the affine space F,q over Fy.
e If m(x) is subprimitive, multiplication by 3 is a cyclic
collineation of the projective space F o over Fg.



Generalizing Hirschfeld’s Result
In
TnXO = kXp,

we need k = 1. Thus we need to count subprimitive
polynomials with integral element x = 1.

Actually, we’ll compute the more general counting function

R.(d,q) = # of subprimitive polynomials of degree d
over Fq with integral element k € Fy.

Write x = of where « is a primitive element of Fg.



Generalizing Hirschfeld’s Result
LEMMA

g  ®0q-1(q) . S
Rfi(d7 q) = Rai(d, CI) = { d)(g) ’ d if ng(’?Q) =1
0 otherwise.

where g = gcd(g — 1,04-1(q))

Remarks:
e The function R,(d, q) is periodic in i with period
ged(q —1,04-1(q)).
¢ The non-zero function values depend only on d and g, but
not on i.

e The factor g — 1 in Hirschfeld’s formula is replaced by %.



Counting Subprimitive Polynomials by Integral
Element (1V)

COROLLARY

%¢(q+1) forall nif2| g,

Re(2,9)=q ®(g+1) if2+gand«isa nonsquare in F%,
0 if2+qgand« is asquare in Fy.

COROLLARY

1 .
31(2,6,):{ z0(a+1) if2|q
0 if21q.




Cyclic Code Automorphisms

COROLLARY
The codes of length g? + 1 or g° + 1 are cycliciff 2 | g

COROLLARY
The codes of length g + 1 for 2 { g are not BCH-codes

Remark:
If the codes are cyclic, then they are cyclic in Ry(2, g) many
ways.



The Twisted Tensor Product Representation

Let G < PI'L(n, q%)
Gactson V, = ]ng.
G also acts on ®sVj,, namely

(Vi ® - ®Vs,g) —
Vig ® ¢s(vag) ® ¢2(vag) @ -+ @ ¢35 (VsQ)

This representation can be written over the smaller field IF4

Let p denote this representation.



The Twisted Tensor Product Representation

The transformation in PGL(2, @°) induced by < 2 Z ) (with
ad — bc # 0) becomes the map

at+c
bt +d

Pa,b,c,d - t—

Using the base change matrix Sz from above, we wish to write
out the representation explicitly.



The Representation Associated with Theorem 1

P(‘Pa,b,c,d) = U(av ba c, dv ﬂ) = (U1 ‘ U2 | U3)
with U; as follows (using 3 a primitive elt of F . and
6 =1/(8—p9) and vy = 34)

Np(d?) 4N; (bd) Np(b?)
N>(ad)
Ny (cd) +Na(bc) N, (ab)
+ To(a%bcd?)
Na(c?) 4N;(ac) No(27)
Ta(cd?9+1) 2T,(ab9d9+T) To(abPT )

+2T,(b% 1 cdd)

Uy = 2T,(abda+
S| Ta(eaoriny | NS | Ta(ae )
T2(02d2q) 4T,(ab9cd9) T2(32b2q)
To(c?d?93) 4T,(ab%cd93) T (a2b%93)
2T,(a% Tcdd

2T, (a9 cd3)
+2T,(abdc9t13)

To(c9+2d93) To(a9+2p9p)



The Representation Associated with Theorem 1

Us

2T,(b9d9+2y) 2T,(ba29+15) To(b%9d2)
To(a%cd9 1) T>(ac9dt75) ahg
+Tp(b9c9+" ) + Tp(bc+1d95) Te(aibicdy)
2T5(a%c?) 2T,(ac®3t16) To(8%9¢%)
2T,(b9cdT ) 2T, (bc7d915) T
Ph@are) | ineees) | SR
+T,(b9c9d2) + T, (bcd?965) 2 v
2T,(b%cdT 1 37) 2T5(bcdT 1 395) ’

To(a%b9a239
1Tp(ad925%) |+ Tp(acke i ps) | TS (bzqcfﬁ”))
+To(b9c9023%) + T, (bca?935) 2 i
2T, (a%c9d%) 2T,(bc27d5) To(@90%)
+2T5(b9c2d%) +2T,(acd?9s) +T2(b29c%y)
2T, (a%c9d%3%) 2T,(bc27d3%9) To(22902397)
+2TH(b9c?d937) +2Tp(acd?935) +To(b29C?B)
2T, (a%cT 1 dry) 2T,(acT1d%)

To(8%%cd
+To(a9¢2d%) +Tp(ac?9ds) +T2((aq st )
+To(b9c927) +Tp(bc?at15) 2 7

2T,(a%c9t1dp%y) 2T,(acTt7d934)
To(a29cdBd
+T2(a%c%d937) +T2(ac®9dpas) +$'2((ang£2g3)

+Ta(bc9+23)

+To(bc?a+1395)




The Representation Associated with Theorem 1

Us

To(b2d296) 2To(b291dr) 2T, (b92d96)
To(a%" ' bd) T>(ab?" 1c%)
To(abctd9) (a9 cy) 4 To(a7+ bads)
IACEED) 2T,(@9 T cy) 27,(a72¢93)
2T,(a%b7 ) 2T,(ab? 1 d%)
2 g ~q 2 Y 2
[ +To(ab?d) +To(a9t2d95)
+To(aba™e9) Ty (P9 ) +Tp(b9+2¢96)
2T,(a%977d3%) | 2Ta(abT " d930)
20944939 2 2
TN | T@bdey) |+ Ta(alPd93%)
TTe(abdT08) | (Patosy) | +Ta(b972c95%)
T (22d%9) 27,(229bd~) AACLED)
4 To(b2c296) 2T, (ab?icy) 2T,(22bAd9S)
To(a?d?936) 2T,(a%7bd[39) 2T,(a9b%c9395)
T (bRc29395) +2T5(ab9c5) +2T5(22b9d955)
27T,(a% Tb9c7) 27,(a%" 1bcd5)
SRy | ey | Ty (a0+2d95)
2 +Ta(a?9bcy) +Tp(a?b9c9)
2T,(a%tb9¢c3y) 2T,(a%tbc395)
29 39 2 2
+T72'((aab20cngg()g) +To(a297d3%) +To(a%2d935)
2 +To(229bc3%) +To(22b9c935)




The End

Thank you

for your attention
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